Abstract--Traditional approach in performing even-degree B-spline curve/surface interpolation would generate undesired results. In this paper, we show that the problem is with the selection of interpolation parameter values, not with even-degree B-spline curves and surfaces themselves. We prove this by providing a new approach to perform quadratic B-spline curve interpolation. This approach generates quadratic B-spline curves whose quality is comparable to that of cubic interpolating B-spline curves. This makes quadratic B-spline curves better choices than cubic B-spline curves in some applications in graphics and geometric modeling, since it is cheaper to render/subdivide a quadratic curve and it is easier to find the intersection of two quadratic curves. (~)
terms of B-spline curves, this means that given the joints of an even-degree B-spline curve, we may not be able to determine the control vertices of the curve, since information about the original signal--at least at one frequency--is lost. The odd-degree B-splines do not have this problem. Hence, odd-degree B-spline curves and surfaces are more appropriate for interpolation problems, while even-degree B-splines should be avoided. This is consistent with the comment made by Ahlberg, Nilson and Walsh: "polynomial splines of even degree interpolating to a prescribed function at mesh points need not exist" [1] .
A recent result by Rabut [3] , however, shows that the above observation does not hold if the uniform even-degree B-splines are defined with joints at half integer values instead of integer values. According to his result, even-degree uniform B-spline curves and surfaces defined this way, when viewed as digital filters, behave in a similar fashion to odd-degree B-spline curves and surfaces (with joints at the integer values). The study was based on central B-splines [4] instead of B-splines defined using the Cox-deBoor recurrence relation or divided differences [5, 6] . Note that central B-splines have their joints at half integer values when the degrees are even, while B-splines defined using the Cox-de Boor recurrence relation or divided differences will always have their joints at integer values.
Rabut's result is interesting but does not conflict with our previous observation which was based on even-degree curves and surfaces defined with joints at integer values. However, his result does raise an important point: the problem with traditional even-degree B-spline curve/surface interpolation is probably with the way it is performed, not with even-degree B-spline curves and surfaces themselves since they are constructed with equally good basis functions as odd-degree curves and surfaces. For instance, by performing interpolation at midpoints of the knots, Marsden presents a good solution to quadratic interpolation when the knots are uniform [7] . Note that when the knots are uniform, performing interpolation at midpoints of the knots would generate a B-spline curve as considered by Rabut. This approach has been extended to knot average for higher even-degree B-spline curves by de Boor [6] . But midpoint method does not work well when the knots are not uniform. (See (c) and (d) in In this paper, we show that the above point is indeed the case by presenting a quadratic B-spline curve interpolation technique that works well. The new approach tries to perform the interpolation process at the parameter values where the maxima of quadratic B-spline basis functions occur. It covers the midpoint method when the knots are uniform and works well for nonuniform case. It generates quadratic interpolating B-sp!ine curves as good as cubic interpolating B-spline curves in most of the cases (actually in some cases, the results are better). Conics and quadrics, two important primitives in geometric modeling, can be represented precisely by even-degree rational spline curves and surfaces, and representing conics and quadrics using even-degree (rational) B-spline curves and surfaces requires less time and effort in computing, rendering, and performing intersection operation than using cubic NURBS curves and surfaces. Thus, this shows that even-degree spline curves and surfaces should play a more significant role in various applications rather than just being "introduced principally in situations in which they combine with odd-degree splines to help clarify the total picture", as Ahlberg, Nilson and Walsh put it [1] .
QUADRATIC B-SPLINE CURVES
Let (ti) be a set of given knots. A quadratic (order three) B-spline basis function defined on (ti) is of the following form:
and zero elsewhere. If the knots are from t-2 to tn+3, then for a set of n + 3 control points Po,..., Pn+2, one can construct a quadratic B-spline curve C(t) as follows:
On the other hand, if a set of interpolation points Q0,..., Qn+l are given, one might not be able to construct a quadratic B-spline curve that interpolates Q~ at ti, i = 0,1,..., n + 1 in a desired fashion [2] . The reason for this was depicted from the viewpoint of digital filters in the previous section. Nevertheless, it is also possible to provide intuitive reasoning from the geometric point of view. Consider the interpolation points A, B, C, D, E, F, and G and a desired interpolating curve in Figure 1 . These points form a zigzag polyline. Therefore, the desired curve would have inflection points between B and C, C and D, D and E, and E and F, such as the interpolating cubic B-spline curve in Figure 2 (the thinner one, width = 1). The desired curve cannot be generated using an even-degree B-spline curve with joints at the interpolation points. This is because the segments of an even-degree B-spline curve are either concave-up or concave-down. An even-degree B-spline curve with joints at these points would be forced to use these points as inflection points and overshoot, such as the interpolating quadratic B-spline curve in Figure 2 (the wider one, width = 3). In the next section, we will show that this problem can be overcome by changing the way interpolation is performed. The interpolation will be performed so that the joints of the quadratic B-spline curve (such as M, N, O, P, Q, and R in Figure 1) , instead of the interpolation points, would act as inflection points. In this case, the shape characteristic of even-degree curve segments fits the situation well, since the shape of the segments MBN, NCO, ODP, PEQ, QFR is either concave-up or concave-down. The questions then are: how should the knots be defined and what should be interpolated? We will solve these questions for the general case, i.e., nonuniform quadratic B-spline curves, in the next section.
QUADRATIC B-SPLINE CURVE INTERPOLATION
Rabut's result indicates one ought to find features that are common to both uniform odddegree B-spline curves and central even-degree B-spline curves for clues in performing even-degree interpolation. One notices that in both representations, the maxima of their basis functions occur at parameter knots. This indicates that even-degree central B-splines would also behave like lowpass filters and, consequently, would generate similar results as cubic B-splines when performing interpolation at the parameter knots. For ordinary uniform quadratic B:splines, since the maxima of the basis functions occur at the midpoints of the parameter knots, this implies that one ought to perform interpolation at the midpoint of the parameter knots, as Marsden has proposed, instead of the parameter knots. For nonuniform quadratic B-splines, the maxima of the basis functions do not necessarily occur at the midpoints, one has to find the parameter values where the maxima occur and perform interpolation there.
The maximum of the quadratic B-spline basis function Bi,3(t) defined in (2.1) occurs at
a point between ti+l and ti+2. Denoting this point by si+l, it Can be seen that ti+2 --8i+1
The geometric meaning of this equation is shown in Figure 3 . For given interpolation points Qi, i = 0,1,..., n, we will construct a quadratic B-spline curve C(t) with knots t-2 .... , tn+3 and control points P0,-.-, Pn+2 such that if si satisfy condition (3.2), then C(t) interpolates Qi at si for i from 0 to n.
Since the interpolation is to be performed at si, can be used to define s~ as follows:
the relationship between the interpolation points l<i<n.
Equation (3.4) follows the centripetal model defined by Lee [8] .
[Q~ -Q~_ll 1/2
To define the knots ti for i = -2,..., n + 3, note that si satisfies (3.2) for i from 0 to n. On the other hand, one has two choices for setting up (t-2, t-l, t0) and (t~+l, tn+2,tn+3):
In either case, this yields a system of n + 1 equations with n + 2 unknowns to,tl,... ,tn+l. If boundary condition (3.5) is used, this yields
If boundary condition (3.6) is used, this yields a slightly different system of n + 1 equations:
These systems cannot be solved using ordinary approaches even with a given initial value for to or tn+l. above by si and below by si-1. The value of tn+l is bounded below by sn = 1. Note that equation F --0 and vice versa (depending on The value of ti for i between 1 and n is bounded to is bounded above by So = 0 and the value of a solution to equation (3.7) or (3.8) satisfies the the boundary condition chosen). However, since equation (3.7) or (3.8) does not always have a solution, the minimum of F is not guaranteed to be zero. We will find a solution where the minimum of F occurs. In Section 4, we will show an example where there is no solution to (3.7) or (3.8).
The computation process for identifying the minimum point of F can be done by minimizing the objective function (3.9) subject to the following constraints: a <: to <_ so, si _< ti+l _< Si+l, s~ < t~+l <_ 8,
where c~ < -1 and 8 > 2. Actually, anything smaller than --(8182) 1/2 may be used for and anything bigger than 1 + ((1 Sn-1)(1 -s,~-2)) 1/2 may be used for 8-(Note that from equation (3.7) and the assumption that so = 0, we have t02 = tit2. The value for c~ then follows from the fact that tl < sl and t2 < s2. The value for fl can be derived similarly.) This constrained minimization problem may be solved using the sequential quadratic programming (SQP) method [9] [10] [11] . The E04UCF subroutine of the NAG Fortran Library [12] is used here in the minimization process.
Once the values of t-2, t-l,... ,tn+3 are available, then based on (3. 
Q= Q0 B',.(.) ]
and M is a totally positive [6] , (n + 1) x (n + 1) tridiagonal matrix satisfying the SchoenbergWhitney conditions [6] . M is of the following form:
, M= Solving (3.15) for P yields the control points of a quadratic B-spline curve C(t) that interpolates Qi at si for i = 0,..., n. Finding the solution of (3.15) is a typical application of a linear time Gaussian elimination process [5] which will not be repeated here.
IMPLEMENTATION
The above quadratic B-spline curve interpolation technique has been implemented in C on the following platform: HPUX level 9.05 on a Hewlett Packard HP 735 machine using a SUN Sparc 20 machine as the display device. The E04UCF subroutine of the NAG Fortran Library [12] was used for the constrained optimization process. The boundary conditions (3.5) and (3.6) have both been used in the construction of the interpolation parameters (si) and the parameter knots (tj). A number of test cases have been carried out. Four of them are included here (Figures 4-7 ). The fourth case is an example in which there is no solution to equation (3.2) . In this case, n = 5, and the numbers in (3.5) have the values So = 0, sl = 1/6, s2 = 1/3, s3 = 2/3, s4 = 5/6, and s5 = 1. There are six interpolation points P0,...,Ps, with 21PoP11 = 21P1P21 = IP2P31 = 21P3P41 = 21P4P51.
In each case, the proposed method and the midpoint method [7] are both tested. The proposed method with boundary condition (3.5) is shown in (a), the proposed method with boundary condition (3.6) is shown in (b), the midpoint method with boundary condition (3.5) is shown in (c), and the midpoint method with boundary condition (3.6) is shown in (d). These curves axe shown in width 3. To compare the performance of these curves with odd-degree B-spline curves, a cubic B-spline curve that interpolates the same interpolation points is also generated for each test case. (We have implemented boundary conditions similar to (3.5) and (3.6) for the cubic case as well. The resulting curves turn out to be exactly the same.) The cubic B-spline curve is shown in width 1. For each case, the parameter values (si) where the interpolation is to be performed for the quadratic curves are computed using the centripetal model [8] first. The corresponding parameter knots (ti) are then calculated using the E04UCF subroutine of the NAG Fortran Library. For the sake of space, these values are shown in Tables 1 and 2 for test case 1 only. In these tables (and subsequent tables as well), the term "maximum-l" refers to the proposed method with boundary condition (3.5), "maximum-2" refers to the proposed method with boundary condition (3.6), "midpoint-l" refers to the midpoint method with boundary condition (3.5), and "midpoint-2" refers to the midpoint method with boundary condition (3.6). The interpolation curves with appropriate boundary conditions axe then computed and generated. Their strain energies and computation time are shown in Tables 3 and 4 , respectively. The strain energy of a curve C(t) is defined as follows:
It determines the smoothness of a curve: the smaller the energy, the smoother the curve. It can be seen that in most of the cases, the quadratic B-spline curves generated by the proposed method are no worse than the corresponding cubic B-spline curves (Figures 4-7) . The quadratic B-spline curves generated by the midpoint method tend to produce undesired oscillations (Figures 4-7) . The midpoint method functions well only if consecutive interpolation points are distributed rather uniformly, i.e., consecutive interpolation points are of approximately uniform distance and the curvature of the original curve does not change dramatically. This phenomenon is also justified by the strain energies of the resulting curves: the curves generated by the proposed method have smaller energies (hence, smoother shape) than the curves generated by the midpoint methods in most of the cases, and their energies are close to the energies of the corresponding cubic B-spline curves (Table 3) . The reason that the quadratic B-spline curves generated by the midpoint method tend to generate undesired oscillation can be explained as follows. Note that if consecutive interpolation points are not distributed uniformly, then the parameter values where the maxima of the quadratic B-spline basis functions occur would be quite different from the midpoints of the knots for some of the spans. For each of these spans, performing quadratic interpolation at the midpoint of the Table 1 , the difference of the si values for the proposed method and the midpoint method in spans 6 and 7 are quite large and overshooting occurs in these two spans in Figure 4c . The same situation holds in Table 2 and Figure 4d . If consecutive interpolation points are distributed uniformly, since the s~ values for the proposed method are close to the midpoints of the knots for all the spans, performing quadratic interpolation at the midpoints will be about the same as performing quadratic interpolation at the maximum points. Hence, no overshooting would be produced. The overall performance of cubic B-spline curves is about the same as quadratic B-spline curves generated by the proposed method. Actually, in some cases (Figures 4 and 5) , the quadratic curves generated by the proposed method are better than the cubic B-spline curves. Obviously, the time to compute the knots and control points for a cubic curve is smaller than the time for a quadratic curve generated by the proposed method. However, the difference in absolute value is not significant at all (Table 4) .
CONCLUSIONS
A new quadratic B-spline curve interpolation technique is presented. Given a set of interpolation points, this approach constructs the parameter values (si) where the interpolation will be performed first. These parameter values are then used in a constrained optimization process to construct a set of parameter knots (tj). The relationship between (si) and (tj) is this: (si) are the parameter values where the quadratic B-spline basis functions defined with respect to the knot sequence (ti) reach their maxima. The control points of the quadratic interpolating B-spline curve are then computed by solving a totally positive, tridiagonal system of equations.
According to the test results, the new quadratic B-spline curve interpolation would not only avoid oscillations which often occurred with the midpoint approach [4] , but also yield quadratic interpolation curves that are no worse than the cubic B-spline curve interpolating the same points. This shows that the long time assertion that "even-degree B-spline curve/surfaces are not suitable for the curve/surface interpolation problem" is a misconception, since the problem is actually with the way the interpolation process is performed, not with even-degree B-spline curves or surfaces themselves. Furthermore, due to the fact that quadratic curves are cheaper for rendering, subdivision, and intersection computation, the new approach actually makes quadratic B-spline curves better choices than cubic B-spline curves in some applications in graphics and geometric modeling.
Extension of this approach to biquadratic B-spline surface interpolation is straightforward: simply apply the proposed technique on both parameters to find the maxima of the corresponding basis functions. This approach can be used for other even-degree B-spline curves as well. The key point is to find the parameter values where the corresponding B-spline basis functions' maxima occur. However, no efficient way to compute these parameter values for higher degree even-degree B-spline basis functions has been found yet.
